Abstract. We calculate the homotopy groups of K(S) in terms of the homotopy groups of K(Z), the homotopy groups of CP ∞ −1 , and the homotopy groups of S. This calculation extends Rognes' calculations of W h( * ) at regular primes.
Introduction
The algebraic K-theory of a number ring encodes a great deal of arithmetic information; K 0 is essentially the class group, K 1 is the units, and K 2 is closely related to the Brauer group. Waldhausen's program for the K-theory of ring spectra established a connection between the algebraic K-theory of spaces and diffeomorphisms of manifolds that can be regarded as encoding analogous information. For example, K 0 is essentially the target of the Wall finiteness obstruction and K 1 is closely related to the target for Whitehead torsion.
The most basic example of a number ring is Z and the most basic example of a ring spectrum is S. We have a "linearization" map S → Z. All current understanding of K(S) derives from studying the induced map on algebraic Ktheory K(S) → K(Z) and by studying the cyclotomic trace map K(S) → T C(S). By naturality these maps fit into a commutative diagram
K(S)
/ /
T C(S) K(Z) / / T C(Z).
A foundational theorem of Dundas [6] states that the square becomes homotopy cartesian after p-completion, which means that the maps of homotopy fibers become weak equivalences after p-completion.
Using the linearization/cyclotomic trace square, Klein-Rognes [10] studies the homotopy fiber of K(S) → K(Z) and identifies its homotopy groups in degrees ≤ 2p(p − 1) − 3. This computation can then be used to obtain information about K(S). In a later paper, Rognes [20] uses the linearization/cyclotomic trace square to compute the homotopy groups of K(S) at odd regular primes in terms of the homotopy groups of S and the homotopy groups of CP it is the direct sum of a free part and a torsion part, the free part being Z when n = 0 or n ≡ 1 (mod 4), n > 1, and 0 otherwise. The main theorem of Rognes [20] is that for p an odd regular prime the p-torsion of π * K(S) is tor p (π * K(S)) ∼ = tor p (π * [20, 4.7] calculates the order of these torsion groups in degrees ≤ 2(2p + 1)(p − 1) − 4. Rognes' argument identifies the homotopy type of the homotopy fiber of the cyclotomic trace, assuming the now affirmed Quillen-Lichtenbaum conjecture. The regularity hypothesis comes into the argument in two ways: First, the homotopy type of K(Z) is completely understood at regular primes by the work of Dwyer and Mitchell [7] and the Quillen-Lichtenbaum conjecture. Second, the Bökstedt-Hsiang-Madsen geometric Soulé embedding splits part of T C(S) off of K(S) if p is a regular prime.
Our goal in this paper is to extend Rognes' computations of π * K(S) ∧ p to the case of irregular primes. Our answer is again in terms of π * S and π * ΣCP ∞ −1 but now involves also π * K(Z), which is not fully understood at irregular primes. In the following statement, K(Z) denotes the wedge summand of K(Z)
where j is the p-complete additive image of J spectrum, the connective cover of L K(1) S).
The second formula generalizes the computation of Rognes [20] at odd regular primes because K(Z) is torsion free if (and only if) p is regular (see for example the end of Section 2 below or [26, §VI.10] ).
The usual augmentation map K(S) → S [23, 5.1] (which is essentially the topological Dennis trace map from K-theory to T HH) is consistent with the second formula in the theorem: It agrees with the projection
onto the first factor. In the linearization/cyclotomic trace square, the map
∧ p is also consistent with the second formula: It is the composite
where the first map sends π * K(Z) to zero, the second map includes as a direct summand, the third map (first isomorphism) is the canonical splitting on the stable homotopy groups of spheres, and the last isomorphism is (the inverse of) the splitting T C(S)
Finally, the map K(S) → K(Z) is consistent with the first formula: It agrees with the projection onto the tor p (π * K(Z)) factor. The maps in the linearization/cyclotomic trace square on mod torsion homotopy groups in contrast are not fully understood. We have that π n K(S) and π n K(Z) mod torsion are rank one for n = 0 and n ≡ 1 (mod 4), n > 1; the map K(S) → K(Z) is a rational equivalence and an isomorphism in degree zero, but is not an isomorphism on mod torsion homotopy groups in degrees congruent to 1 mod 2(p − 1) by the work of Klein-Rognes (see the proof of [10, 6.3 
.(i)]). The mod torsion homotopy groups of T C(S)
∧ p are rank one in degree zero and odd degrees ≥ −1; the map
∧ p on mod torsion homotopy groups is an isomorphism in degree zero, by necessity zero in degrees not congruent to 1 mod 4, and for odd regular primes an isomorphism in degrees congruent to 1 mod 4. For irregular primes, the map is not fully understood, but according to the geometric Soulé embedding of [2, §9] , the image in degree 4n+1 contains at least the subgroup generated by the value at 2n + 1 of a certain p-adic L-function; however, the values of p-adic L-functions at positive integers are generally not known and it is not known whether or not the image of π * K(S) ∧ p is larger than the image given by the geometric Soulé embedding. We prove Theorem 1.1 by combining the work of Klein-Rognes [10] on the homotopy fiber of the linearization map K(S) → K(Z) with the key vanishing result from [1] . In contrast to Rognes' approach, we do not explicitly use an identification of the fiber of the cyclotomic trace at irregular primes.
In principle, we can use Theorem 1.1 to calculate π * K(S) in low degrees. In practice, we are limited by a lack of understanding of π * CP ∞ −1 and π * K(Z); we know π * S and π * c in a comparatively larger range. The calculations of π * CP ∞ −1 for * < |β 2 | = (2p + 1)(2p − 2) − 3 in [20, 4.7] work for irregular primes as well as odd regular primes, though they only give the order of the torsion rather than the torsion group. At primes that satisfy the Kummer-Vandiver conjecture, we know π * K(Z) in terms of Bernoulli numbers; at other primes we know π * K(Z) in odd degrees, but do not know K 4n Z at all (except n = 0, 1) and only know the order of π 4n+2 K(Z) and again only in terms of Bernoulli numbers. As the formula [20, 4.7] for π * CP ∞ −1 is somewhat messy, we do not summarize the answer here, but for convenience, we have included it in Section 4.
The authors observed in [1] that as a consequence of the work of Rognes [20] , the cyclotomic trace
is injective on homotopy groups at odd regular primes. In Theorem 1.1 above, the contribution in tor p (π * K(S)) of p-torsion from tor p (π * K(Z)) maps to zero in π * T C(S) under the cyclotomic trace. This then gives the following complete answer to the question the authors posed in [1] :
For an odd prime p, the cyclotomic trace trc p :
is injective on homotopy groups if and only if p is regular.
We have the following more general injectivity result proved as part of the argument for Theorem 1.1. Theorem 1.3. For an odd prime p, the map of ring spectra
is injective on homotopy groups.
Conventions. Throughout this paper p denotes an odd prime.
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The linearization/cyclotomic trace square
In this section, we review the descriptions of the terms T C(S)
Historically, T C(S)
∧ p was the first of these to be understood. Work of Bökstedt-Hsiang-Madsen [2, 5.15,5.17] identifies the homotopy type of T C(S) . The splitting exists after inverting 2, but for notational convenience, we use it only after p-completion.
Next up historically is T C(Z), which was first identified by Bökstedt-Madsen [3] and Rognes [18] . They expressed the answer on the infinite-loop space level and (equivalently) described the connective cover spectrum as
Here ku denotes connective complex topological K-theory (the connective cover of periodic complex topological K-theory KU ), and ℓ denotes the Adams summand of ku ∧ p (the connective cover of the Adams summand of KU ∧ p ). As above, j denotes the p-completed additive image of J spectrum, which has several equivalent descriptions. Most concretely, j is the connective cover of the spectrum J defined as the homotopy fiber of the map
where ψ r denotes the Adams operation for r an integer topologically generating the units of Z ∧ p (or equivalently generating the units of Z/p 2 ). By Dirichlet's theorem on arithmetic progressions, we can assume without loss of generality that r is a prime number and then fundamental work of Quillen [15] identifies j as the p-completion of the algebraic K-theory of the finite field F r . By work of Bousfield [4, §4] , J is also the the Morava K(1) localization of S. A standard calculation (e.g., see [12, 2.5.7] ) shows that before taking the connective cover π −1 (T C(Z)
, and the argument of [20, 3.3] shows that the summand Σ 3+2(p−3) ℓ above becomes Σ −1 ℓ in T C(Z) ∧ p . The formula for the full description of the homotopy type of T C(Z) ∧ p is then easiest to write in terms of
where Σ 1 ℓ means that the indicated summand is omitted. The splitting of the previous paragraph is all we need about the homotopy type of K(Z) ∧ p for the purposes of this paper; however, we take the rest of the section to write more detail about what is known for the interested reader. The splitting
and the main theorem of [22] is that the map ). In particular, it is a E(1) * -Moore spectrum in the sense of Bousfield [5] and so splits as
where π * Y i = 0 unless * is congruent to 2i or 2i + 1 mod 2(p − 1), or equivalently L * (Y i ) = 0 for * not congruent to 2i + 1 mod 2(p − 1), where L denotes the Adams summand of KU ∧ p (or equivalently, in terms of [5] , the p-completion of E(1)).
Furthermore, Y i is completely determined by L 2i Y i : Y i is the fiber of a map from a finite wedge of copies of Σ 2i+1 L to a finite wedge of copies of
Y i have a close relationship to class groups of cyclotomic fields. Writing A m for the p-Sylow group of the class group of the integers of the cyclotomic field Q(ζ p m+1 ), where ζ p m+1 is a primitive p m+1 th root of unity, the relevant object is the inverse limit of A m over the norm maps. This inverse limit turns out to be a (KU acts by multiplication by 
) is L 0 L when i is even and 0 when i is odd.
For fixed p, several of the ω j -character pieces of A ∞ are always zero. In fact ǫ j A ∞ = 0 if and only if ǫ j A 0 = 0 (see for example [25, 13.22] and apply Nakayama's lemma). In particular, for the trivial character, ǫ 0 A 0 = 0 (because it is canonically isomorphic to the p-Sylow subgroup of the class group of Z). From the exact sequence above,
, we obtain a further splitting
for some p-complete spectrum K # (Z). Although we do not use it directly, this observation is closely related to our use of Lemma 1 in [1] (or more accurately, its analogue for the cyclotomic trace K(Z) [25, 10.16] ) and that Y 2k+1 is the homotopy fiber of a map
As above, Y p−2 ≃ * and in the other cases, for n > 0, n ≡ 2k + 1 (mod p − 1),
(and zero for n ≡ 2k + 1 (mod p − 1)). (For n < 0, n ≡ 2k + 1 (mod p − 1), the L-function formula for π 2n Y 2k+1 still holds, and π 2n+1 Y 2k+1 = 0 still holds provided the value of the L-function is non-zero. If the value of the L-function is zero, then [21, 11] that this case never occurs.) For p not satisfying the Kummer-Vandiver condition, the even summands satisfy
for n ≡ 2k (mod p − 1) (and zero otherwise) with the finite group unknown. As always Y p−2 ≃ * , and the Mazur-Wiles theorem [14] , [25, 15.14] implies that in the other odd cases 2k + 1, for n > 0, n ≡ 2k + 1 (mod p − 1)
(and zero for n ≡ 2k + 1 (mod p − 1)) although the precise group in the first case is unknown. (In this case, for n < 0, n ≡ 2k + 1 (mod p − 1), it is known that 
Proof of main results
Dundas' theorem [6] that the linearization/cyclotomic trace square becomes homotopy cartesian after p-completion gives us the long exact sequence
We first prove Theorem 1.3, which is an immediate consequence of the displayed long exact sequence and the following theorem. 
For the remaining classes in positive degrees, we use results of Klein-Rognes [10] . Klein and Rognes [10, 5.8 , (17) 
and study the composite map
and the Bott periodicity isomorphism Ω ∞ Σ 3 ku ≃ SU . In [10, 6.3.(i) ], Klein and Rognes show that their map (3.2) induces an isomorphism of homotopy groups in all degrees except those congruent to 1 mod 2(p− 1). This then splits the remaining classes.
The previous theorem and its proof provide all we need for the proof of Theorem 1.1.
Proof of Theorem 1.1. Since the long exact sequence of the homotopy cartesian linearization/cyclotomic trace square breaks into split short exact sequences, we get split short exact sequences on p-torsion subgroups
In other words, using the splittings of (2.1), (2.5), and (2.4), leaving out the nontorsion summands, tor p (π n K(S)) is the kernel of a map
) from the proof of Theorem 3.1, we get the identification
and using the other section from the proof of Theorem 3.1, we get the identification
Proof of Corollary 1.2. It suffices to show that under the isomorphism of Theorem 1.1, the summand tor p (π n K(Z)) maps to zero in π n T C(S) ∧ p for all n. We can see where these classes map to using the first section
described in the proof of Theorem 3.1. For n divisible by 2(p − 1), π n K(Z) 
The table compiles the results reviewed in Proposition 4.1 (q.v. for sources) and [19, 5.8] into the computation of π n K(S) for n ≤ 22. The description of π n K(S) is divided into columns: 1. The non-torsion part 2. The contribution from the torsion of S 3. The remaining 2-torsion (from [19] ) 4. The contribution from Σc for odd primes 5. The torsion contribution from ΣCP ∞ −1 for odd primes 6. The torsion contribution from K(Z) for odd primes Presently K 4n (Z) is unknown for n > 1, conjectured to be 0 (the Kummer-Vandiver conjecture) and if non-zero is a finite group with order a product of irregular primes, each of which is > 10 8 .
Summands denoted as [m] are finite groups of order m whose isomorphism class is not known.
Low degree computations
Theorem 1.1 describes the p-torsion in K(S) in terms of the p-torsion in various pieces. For convenience, we review in Proposition 4.1 below what is known about the homotopy groups of these pieces at least up to the range in which [20] describes the homotopy groups of CP ∞ −1 . As a consequence of Theorem 1.1, irregular primes make no contribution to the torsion of K(S) until degree 22. Thus, π * K(S) in degrees ≤ 21 not divisible by 4 is fully computed (up to some 2-torsion extensions) by the work of Rognes [19, 20] . For convenience, we assemble the computation of π * K(S) for * ≤ 22 in Table 1 Here ⌊x⌋ denotes the greatest integer ≤ x. The formulas a, b, c, d above count the number of positive integers < n (in a and b) or ≤ n (in c and d) that are divisible by the denominator.
The formula above shows that for p = 3, π 14 (ΣCP ∞ −1 ) has order 9. Rognes [20, 4.9(b) ] shows that this group is Z/9.
